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Abstract 


Let o,(n) denote the sum of d” divisors of n and ¢ the Euler totient function. 
We prove the following o,_1(n) = TE o,(d)¢(4) . Furthermore we show using 
the inequality of Lagarias, that some other inequalities are equivalent to Riemann 
Hypothesis. 


1 Introduction 


Let Hn = ) -p= 1/k be the n-th harmonic number. Let o,(n) = X am d” be a sum of divisors 
ofn. Let Ui(n) := H, + exp( Hn) log(H,,) and for s = 0,1,2,3--- and let 


1 n 
U-la) = Ua) S old) (1) 
d<n,d|n 
We show in the following that for all s = —1,0,1,2,--- we have 
a_,(n) < U_,(n)Vn E€ N <= > Riemann Hypothesis is true (2) 


Theorem 1. We have o,-1(n) = oer o,(d)@(4) for every natural number n and every 
reR. 


Proof. First notice that + X an r(@)O(G) = Vicien Mr(ged(n, !)) Then it follows that 


> op(ged(n,))= So SO a= Sef ` ') = 2 g7- i(n) 


1<l<n 1<l<n d| gcd(n,r) d|n 1<l<n,l multiple of d 
(3) 


Theorem 2. For all s = —1,0,1,2,--- the following equivalence is true 


o_,(n) < U_,(n)Vn EN = > Riemann Hypothesis is true (4) 


Proof. We prove this by induction on s. From Lagarias [1] it is known, that Riemann 
Hypothesis is equivalent to 


oln) < Hn + exp(H,,) log( Hn) = Ui (n)Yn € N (5) 
hence the case s = —1 is shown. Suppose by induction on s that we have shown 
o—s41(n) < U_s4i(n)Vn € N <> Riemann Hypothesis is true (6) 


We have to show that 
a_,(n) < U_,(n)Vn E€ N <= > Riemann Hypothesis is true (7) 


From Theorem 1 we have 


which is equivalent to 


o-s(n) = no-n) ~ J o-s) (9) 


d<n,d|n 


” =>” Let o_,(n) < U_,(n)Vn € N. Then we have by (9) the following 


osan) = no(n) D old) snr) E oD a0) 


d<n,d|n d<n,d|n 
which is equivalent to 
1 n 
U_,(n) > a (o-s) F Facnan7-s+1(d)0(<)) (11) 
But by definition (1) of U_,(n) we have 
1 n 
U(r) = Unin) + D old) (12) 


d<n,d|n 


which means that by (11) 


LU) $ o-sn(d)o(5)) = U-s(n) > L osl) D o-de) } (13) 
d<n,d|n d<n,d|n 
Solving for U_.41(n) and o_541(n) we find that U_,41(m) > 0_541(n)Vn € N from which by 
(6) the Riemann Hypothesis follows. 
” <=” Let the Riemann Hypothesis be true, which means that by (6) we have o_,41(n) < 
U_s4i(n)Vn € N. We have to show that o_,(n) < U_,(n)Vn € N. By (9) we have with 
U_.41(n) > o_541(n) also 


U-sti(m) > o-s41(n) = no(n) — J) oslo) (14) 
d<n,d|n 
Solving (14) for o_,(n) we get 
oln) $= |U) D old) } = Uo) (15) 


and the inequality is shown. 
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